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Abstract 

The spectral radius p{G) of a graph. G is the largest eigenvalue of its adjacency matrix 
A{G). For a fixed integer e > 1, let G™™_g be a graph with minimal spectral radius among 
all connected graphs on n vertices with diameter n — e. Let f^^^™^' Vi't"^* be a tree obtained 
from a path of p vertices (0'-^l~2~---^ (p— l))by linking one pendant path P„. at 
rrii for each i e {1,2, ...,t}. For e = 1,2,3,4,5, G™™_g were determined in the literature. 
■ Cioaba-van Dam-Koolen-Lee [2] conjectured for fixed e > 6, GJf™_g is in the family Vn.e = 

. {^2 2''n-e+i "^^^ | 2 < m2 < • • • < me_4 < n — e — 2}. For e = 6, 7, they conjectured 

G"nT-e = P2,lS-f~^ and G;I"„"_7 = ^'2';i5xJ-^~^^^^'^"'- In tilis paper, we settle their 
conjectures positively. Note that any tree in 'Pn,e is uniquely determined by its internal 
path lengths. For any e — 4 non-negative integers ki,k2, . ■ ■ ,ke-i, let T(^ki,k2,---,kc-4) — 
^ i -^2 2'n-"e+i ^ ^ with ki — mi+i — nii — I, for 1 < i < e — 4. (Here we assume nii = 2 

I and me^3 = n — e — 2.) 

' Let s = ^'='_^'"''^ . For any integer e > 6 and sufficiently large n, we proved that G™^g 

must be one of the trees T(^ki.k2,....kc-i) with the parameters satisfying [sj — 1 < kj < \_s\ < 
ki < \s~\ +1 for j = 1, e - 4 and i = 2, . . . , e - 5. Moreover, < fc^ - fc^ < 2 for 2 < i < 
e — 5, j = l,e — A; and j/ci — < 1 for 2 < ?,j < e — 5. These results are best possible 
as shown by cases e = 6, 7, 8, where G™™_g are completely determined here. Moreover, if 
n — 6 is divisible by e — 4 and n is sufficiently large, then G™™ = Ti^k-i,k,k,...,k,k,k-i) where 
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5^ , 1 Introduction 



Let G = (y, E) be a simple connected graph, and A{G) be the adjacency matrix of G. The 
characteristic polynomial of G is defined by (/'g(A) = det(A/ — A{G)). The spectral radius, 
denoted by p{G), is the largest root of 0g- The problem of determining graphs with smah 
spectral radius can be traced back to Hoffman and Smith [101 [71 [8] . They completely determined 
all connected graphs G with p{G) < 2. The connected graphs with p{G) < 2 are precisely simple 
Dynkin Diagrams An, D^, Eq, Ej, and E^. The connected graphs with p{G) = 2 are exactly 
those simple extended Dynkin Diagrams A„, Dn, Eq, E^, and £"8. Cvetkovic et al. ^ gave a 
nearly complete description of all graphs G with 2 < p{G) < \/2 + \/5. Their description was 
completed by Brouwer and Neumaier [T]. Those graphs are some special trees with at most two 
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vertices of degree 3. Wang et al. pjj studied some graphs with spectral radius close to |\/2. 

Woo and Neumaier [13] determined the structures of graphs G with \/2 + y/b < p{G) < |\/2; if 
G has maximum degree at least 4, then G is a dagger (i.e., a path is attached to a leaf of a star 
Si)] if G is a tree with maximum degree at most 3, then G is an open quipus (i.e., the vertices of 
degree 3 lies on a path); else G is a closed quipus (i.e., a unicyclic graph with maximum degree 
at most 3 satisfies that the vertices of degree 3 lies on a cycle). 

Van Dam and Kooij [3] used the following notation to denote an open quipus. Let -P^lA^^'.'.n't^* 
be a tree obtained from a path on p vertices (0~l~2~---~(p— l))by linking one pendant 
path at rui for i = 1,2, ...,t (see Figure [H) The path ~ 1 ~ 2 ~ • • • ~ (p — 1) is called 
main path. For i = 1, ...,t — 1, let P^*) be the i-th internal path {nii ~ mj + l ~ • • • ~ "m-j+i) 
and ki = m-j+i — mj — 1 be the the number of internal vertices on P^'^\ In general, an internal 
path in G is a path iig ~ ui ~ • • • ~ such that d(fo) > 2, d{vs) > 2, and d{vi) = 2, whenever 
< i < s. An internal path is closed if vq = Vg. 
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Figure 1: 



n2,...,nt,p 



Recently van Dam and Kooij [3J asked an interesting question "which connected graph of 
order n with a given diameter D has minimal spectral radius?" . Here the diameter of a connected 
graph is the maximum distance among all pairs of its vertices. They [H] solved this problem 
explicitly for graphs with diameter D G {1, 2, [n/2j , n — 3, n — 2, n — 1}. The cases D = 1 and 
D = n — 1 are trivial. A minimizer graph, denoted by G™^, is a graph that has the minimal 
spectral radius among all the graphs of order n and diameter D. They proved that G™2" is 
either a star or a Moore graph; G^^^^^i is the cycle G„; GJ^^_2 is the tree P/ „_i; G^^"l3 is the 

tree P^;^-t^. They conjectured G™"_, = P^Sj '"^j j^j, for any constant e > 1 and n large 
enough. 

This conjecture is proved for e = 4 by Yuan et al. ^ and for e = 5 by Cioaba et al. [2]. 
However, it is disproved for e = 6 by and any e > 6 by when n large enough. Cioaba-van 
Dam-Koolen-Lee p] proved the following theorem. 

Theorem 5.2 of [2]: For e > 6, p(G™"_J ^ V^ + V^ as n ^ oo. Moreover G^j,"!^ is 
contained in one of the following three families of graphs 

'Pn,e = {P2£:i:C-e+T'~' \ ^ < m, < ■ ■ ■ < m,_4 < U - C - 2] , 

Ke = {P^£^:{:C^'~' I 2 < < • • • < me_3 < n - e - 1} , 

^n,e = 1^1,1,. ..l,l,n-e+l | 1 < ^2 < • • • < me-2 < n - 6 - 1 j- . 

Cioaba et al. |2j made three conjectures. 

Conjecture 1 ([2], 5.3) For fixed e > 5, a minimizer graph with n vertices and diameter 
D = n — e is in the family 'Pn,e, for n large enough. 
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Conjecture 2 (P], 5.4) The graph Pg'i 2n-5" " '^'^ unique minimizer graph with n vertices 
and diameter D = n — 6, for n large enough. 

Conjecture 3 ([2], 5.5) The graph Pg 'i iln-e ^ ' unique minimizer graph with 

n vertices and diameter D = n — 7 , for n large enoug h. 

In this paper, we settle these three conjectures positively. 

Note that graphs in each family can be determined by the lengths of internal paths (see 
Figure [2]). The parameters fcj's and m^'s are related as follows. In the first family Vn,e, 



T, 



{ki,k2,...,ke-4) 



^2,l,...l,2,n-e+l 



mj+i — rrii — 1 for 1 < i < e — 4, where mi 



e - 2. In the second family „ Tl^^^k2,...,k,^3) = P^^'hC-e+i ^ 



and me_3 = n 

mj+i — nii — 1 for 1 < i < e — 3, where mi = 2 and me-2 = n — e — 1. In the third family "P" g, 

x,j — mj_|_i — mj — 1 for 1 < i < e — 2, where mi = 1 and 



rpll 

{ki,k2,...,ke-2) 



pl,m2,...,m,e-2,ri-e-l -r 1 
^l,l,...l,l,n-e+l 



me-1 = n — e — 1. In all three cases, the summation of all /cj's is always equal to n — 2e. 
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1 



ko 



■ (klMr 



T' 



{kl,k2,...,ke-3) 



rpft 

{kl,k2,...,ke^2) 



e-2 



Figure 2: The three families of graphs: Vn,e, T^n,ei^n,e- 

We have the following theorem. 

Theorem 1.1 For any e > 6 and sufficiently large n, G5^^"_g must he a tree T(^ki,k2,...,ke-4) ^'^ 
Vn,e satisfying 

1. [sj - 1 < kj < [s\ <ki< [s] + 1 /or 2 < i < e - 5 and j = l,e- A, where s = fff - 2, 

2. 0<ki-kj<2for2<i<e-5 and j = l,e- 4, 

3. \ki -kj\<l for2<i,j <e-5. 

In particular, if n — 6 is divisible by e — 4, then GJ^^g = T(^s-i,s,...,s,s-i)- 

Here we completely determine the GJ^^g for e = 6, 7, 8 and settle the conjectures 2 and 3 
positively. 



'^Conjecture 5.5 of 2^ contains a typo: "...Pj i i 
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Theorem 1.2 For e = 6 and n large enough, G™^_g is unique up to a graph isomorphism. 

1. Ifn = 2k + 12, then G:™"-6 = T^k,k)- 

2. Ifn = 2k + 13, then G™"-6 = ^(,,^+1). 

Theorem 1.3 For e = 7 and n large enough, G^^g is unique up to a graph isomorphism. 

1. Ifn = 3k + U, then G™".^ = T^^Ak)- 

2. Ifn = 3k + 15, then G™".^ = T^k,k+i,k)- 

3. Ifn = 3k + 16, then G™"-7 = T^k,k+2,k)- 

Theorem 1.4 For e = 8 and n large enough, G™^g is determined up to a graph isomorphism 
as follows. 

1. Ifn = 3k + 16, then G™"l8 = T^k,k,k,k), T^k,k,k+i,k-i), or T(^k-i,k+i,k+i,k-i); all three trees 
have the same spectral radius. 

2. Ifn = 3k + 17, then G™".^ = T(^k,k+i,k,k)- 

3. Ifn = 3k + 18, then G™"-8 = 

4. Ifn = 3k + 19, then G™% = T^k,k+i,k+2,ky 

For e = 6, Theorem 11.21 is an easy corollary of Theorem ll.il Theorem 11.31 and Theorem 11.41 
show that the bounds on fcj's in Theorem 11.11 are best possible. 

The remaining of the paper is organized as follows. In section 2, we prove some useful 
lemmas. The proof of Theorem 1 1.1 1 is presented in section 3 and the proofs of Theorem 1 1 . 3 1 and 
11.41 are given in section 4. 

2 Basic notations and Lemmas 
2.1 Preliminary results 

For any vertex u in a graph G, let N(v) be the neighborhood of v. Let G — v he the remaining 
graph of G after deleting the vertex v (and all edges incident to v). Similarly, G — u — v is 
the remaining graph of G after deleting two vertices u, v. Here are some basic facts found in 
literature [Q [71 El [H], which will be used later. 

Lemma 2.1 [6] Suppose that G is a connected graph. If v is not in any cycle of G, then 
(t>G = Mg-v - Y.w(iN{v) 4>G~w-v If e = uv is a cut edge of G, then (pc = 4>G-e - 4>G-u-v 

Lemma 2.2 [6] Let Gi and G2 be two graphs, then the following statements hold. 

1. If G2 is a proper subgraph o/Gi, then p(Gi) > p{G2). 

2. If G2 is a spanning proper subgraph o/Gi, then p{Gi) > p{G2) and (j)G2{^) > 4'GiW for 
all A > p(Gi). 

3. If(t>G,W > 0Gi(A) for all X > p{Gi), then ^(Gs) < p{Gi). 

4. If^GApiG2)) < 0,then p(Gi) > ^(Gs). 
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Figure 3: The graphs Hi and H2 

Lemma 2.3 [TT] Let Gi and G2 be two (possibly empty) graphs with a E V{Gi) and b S V{G2), 
and let Hi and H2 be two graphs shown in Figurel^ Then p{Hi) = p{H2). 

Lemma 2.4 [7] Let uv be an edge of a connected graph G of order n, and denote by Gu,v the 
graph obtained from G by subdividing the edge uv once, i.e., adding a new vertex w and edges 
wu,wv in G — uv. Then the following two properties hold. 

1. If uv does not belong to an internal path of G and G 7^ Gn, then p{Gu, v) > p{G). 

2. If uv belongs to an internal path of G and G 7^ Pi'in'^, then p{Gu, v) < p{G). 

Theorem 2.1 (Cauchy Interlace Theorem (see p. 183, [9j)) Let A be a Hermitian matrix 
of order n, and let B be a principal submatrix of A of order n — 1. If Xn ^ A„_i < • • • < Ai lists 
the eigenvalues of A and pn-i ^ Pn-2 the eigenvalues of B, then 

An < Pn~l < K~l < • • • < A2 < /Ui < Ai. 

Applying Cauchy Interlace Theorem to the adjacency matrices of graphs, we have the fol- 
lowing corollary. 

Corollary 2.1 Suppose G is a connected graph. Let A2(G) be the second largest eigenvalue of 
G. For any vertex v, we have 

\2{G)<p{G-v)<p{G). 

2.2 Our approach 

A rooted graph (G, v) is a graph G together with a designated vertex u as a root. For i = 1, 2, 3 
and a given rooted graph {H, v'), we get a new rooted graph {Gi,v) from H by attaching a path 
Pi to v' and changing the root from v' to v as shown by Figure [H 



; 

• 1 






Gi 


4: For 


i = 1 



H 



Go 



H 



G. 



Figure 4: For i = 1,2,3, three graphs {Gi,v) are constructed from {H,v'). 

Note that any tree in the three families Vn,e, 'P'n ei e ^^^^ be built up from a single vertex 
through a sequence of three operations above. Applying Lemma |2.H we observe that the pair 
{(t>Gi-,4'Gi~v) linearly depends on {(Pht'Ph-v') with coefficients in Z[A]. We can choose proper 
base to diagonalize the operation from {H,v') to {Gi,v). 
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Let Ao be the constant ^2 + \/5 = 2.058 • • • . In this paper, we consider only the 
A > Aq. Let xi and X2 be two roots of the equation x'^ — Xx + 1 = 0. We have 

A-\/A2^ A + VA2^ 
XI = , x, = 

and 

X1 + X2 = A, X1X2 = 1. 
For any vertex v in a graph G, we define two functions (of A) P(g,v) ^^id q(G,v) satisfying 

(pG = P(G,v) + Q{G,v), 
4>G-v = X2Pl^G,v) + Xiq{^G,v)- 
This definition can be written in the following matrix form: 

<I^G-v ) \X2 Xi ) \ q^G,v) 
Using Equation ([T|), we can solve P(g,v) 1{G,v) ™d get 

P{G,v) \ ^ 1 f -Xi I \f (l)G 
Q(G,v) J X2-Xi\ X2 -1 y V ^G-v 

For example, let v be the center of the odd path P2fc+i- We have 

P(Pi,v)\ ^ 

Q(Pi,v) J X2 - xi \ xj J ' 

'P{Ps,v)\ ^ - 1 / (A - xf )xi 

'(P5,v)) X2-X1 \ixl-X)x2 

We have the following lemma. 
Lemma 2.5 For any tree G and any vertex v, we have 

, lim g(G.t,)(A) = +00. 

Proof From Lemma ETTJ we have 

<Ag = A0G-t) - ^ (l)G-w-v 

weN{v) 

By Equation ([3]), we get 

- 4>G 

weN(v) 



1 


X2 




Xl 




1 




X2 




Xl 




1 




X2 




Xl 




X2 




X2 




Xl 



X24>G-v - </'G 



Note that 4>g-v is a polynomial of degree n — 1 with highest coefficient 1 while 4)g-w-v is a 
polynomial of degree n — 2 with highest coefficient 1. Since 2:2 > 1 > xi, we have X24>g-v — 
Z]toeAf(t)) 'Pg-w-v goes to infinity as A approaches infinity. □ 



Lemma 2.6 Let Gi, G2, 6*3 he the graphs shown in Figure^ Then the following equations hold. 
1. 



2. 



3. 



P{Guv 
1(Gi,v 

P{G2,v 
1{G2,v 

P{G3,v 
1{G3,v 



xi 

X2 



P{H,v') 



1 



X2 - Xi 
1 



A 



-X2 



Xi 
^3 

X2 



P(H,v') 
Q(H,v') 



X2 - X\ 

Proof By Lemma |2. 11 we have 



-rrf + A^ 

-AX2 



Axi 
X2 



4 A2 + 1 



P{H,v') 
1{H,v') 



4>Gi 
4>Gi-v 

Combining it with equations ( [2]) ( [3]) , we get 

-1 



P{Gi,v) 
1{Gi,v) 



1 1 

X2 Xi 
1 



X2 - Xi 

xi 







X2 



A -1 
1 

2 - Axi 

—X2 + Ax2 — 1 

P(H,v') 
Q{H,v') 



(PH 



1 1 

X2 Xi 

x\ — \xi + 1 
Ax2 -2 



P{H,v') 
QiH,v') 

P{H,v') 
Q{H,v') 



The proofs of items 2 and 3 are similar as that of item 1. 
We denote the three matrices by A, B, and C. Namely, 



A 



xi 

X2 



1 



X2 - Xi 



A 



-X2 



x\ Xl 
2 



A 



X2 - Xl 



-X\ + A2 

-Aa;2 



1 \x_ 
4 
X2 



□ 



A2 + 1 



The diagonal elements of B are very useful parameters. To simplify our notations later, we 
define two parameters di and ^2 as follows: 



di 
d2 



A 



'^1) 
A. 



Note that ^2 = if A = Aq. The equation ([6]) can be written as 



P{P5,v) 



A2 



1 



/ dixA 



X2 - Xl \d2X2 J ' 

From the definitions of di and d2, we can derive the following identity 

diX2 — d2Xi = 2. 



(8) 
(9) 



(10) 



(11) 



Given two rooted graphs {Hi,vi) and {H2,V2), we define some new graphs. Denote by 
{Hi ,vi) ■ Pi, the graph consisting of the graph Hi and a path linking one of its ends at the 
vertex vi. Similarly denote by {Hi,vi) ■ Pi ■ {H2,V2) the graph consisting of graphs Hi,H2 and 
a path Pi linking the two ends at vi,V2 respectively. 
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H 



1 v{ 



V2H2 



Figure 5: The graph {Hi,vi) ■ Pi ■ {H2,V2) 

Lemma 2.7 (l){Hi,viyPi-(H2,v2)W = (^2 - xi){q^Hi,vi)Q(H2,v2) - PiH^,vl)P{H2,v2))■ 
Proo^ By Lemmas 12.11 and 12.61 we have 

'P(Hi,vi)-Pi-{H2,V2 )(A) 

= ^4>Hi4>H2 — (kHi-vi4>H2 — (t^H2-V24>Hi 

= (Xl + X2)ip(HuVi) + Q(Hi,vi))iP{H2,V2) + 1{H2,V2)) " {P(H^,v^)X2 + q(H^,v^)Xl) 

iP{H2,V2) + ^(H2,V2)) ~ iP(Hi,Vi) + Q{Hi,Vi))iP(H2,V2)^2 + 9(H2,l>2)^l) 
= iP{H2,V2) + Q{H2,V2)){P{Hi,vi)Xl + q{HuVi)X2) " {P{Hi,vi) + q{Hi,vi)){P{H2,V2)X2 + 9(//2,t'2)^l) 
= P{H2,V2)P{Hi,vi)Xl + q{H2,V2)Q{Hi,vi)X2 - P{H2,V2)P{Hi,vi)X2 - <l{H2,V2)1(Him)Xl 
= {X2 - Xi){q(^Hi,vx)(l(H2,V2) - P{Hi,vx)P{H2,V2))- ^ 



H 



1 



V2H2 



Figure 6: The graph Gi^ 



Lemma 2.8 Let Gij be the graph shown in Figure\^ where i,j are the numbers of included 
vertices. Then 



(t>G,,, - <pGi+ij.r = (Xl - X2) [P(H^,v,)qiH2,V2) 

Proof By lemma \27l\ we have 



Q{HuVi)P(H2,V2)Xi 



(pG,,, = M{Him)-Pi+j+^iH2,V2) 
<Pg,+i^j^j = >^4>{Hi,viyP,+j+i-{H2,V2) 



(H^myP,9{H2,V2)-Pp 

iHuviyp,+i4>(H2,v2yPj^i- 



Thus, we get 

4>G,j - 0G,+ij_i = (PiHuviyp,+i(PiH2,v2yPj-i - (PiHi,viyp,(PiH2,v2yPj 

= iP{Huvi)^l^^ + Q{H^,v,)X2^^) {p{H2,V2)Xl'^ + Q{H2,V2)^2'^ 

- {P{Huv,)X\ + q(Hi,v^)X2) {P{H2,V2)X1 + 9(^2,^2)4) 
= P{H^,vi)q{H2,V2) [x\^^xl~'^ - X\x(^ + q(^Huvi)P{H2,V2) (^^l^^^^^ " Xp^x'^ 
= X\x\ P(^Hi,v,)q{H2,V2)ixiX2''~'^ - 4"*) + q{Hi,vi)P(H2,V2)i^V^X2 " x{'') 
= (xi - X2) {p[H^m)q{H2,V2)A~'~^ 

The proof is completed. □ 



qiHuvi)P{H2,V2)xi ' 
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Lemma 2.9 Suppose Gi and G2 are two connected graphs satisfying Gi — ui = G2 — U2 for 
some vertices ui E V{Gi) and U2 G ^(^2). If (j)G2{p{Gi)) > 0, then p{Gi) > p{G2)- 

Proof Let G = Gi — ui = G2 — U2- By Corollary 12.11 we have 

piGi) > p{G) > X2{Gi) fori = 1,2. 

Here X2{Gi) is the second largest eigenvalue of Gi. We have p{Gi) > X2{G2)- 
Since p{G2) is a simple root and lim (f)G2{X) = +00, we have 

A— >oo 

ct>G2W<^ for Ae (A2(G2),/9(G2)). 
Since (/>g2(p(Gi)) > and p{Gi) > X2{G2), we must have p{Gi) > p{G2)- □ 

2.3 A special tree T^^k-i^-.k^k-i) 

The tree (e Vn,e) plays an important role in this paper. We have the following 

lemma. 

Lemma 2.10 The spectral radius of the tree T(^k-i,k,...,k,k-i) unique root pk of the equation 

2x'f 



^2 = — -i+T i'lT' interval ^ v 2 + \/5, 00 
Remark 1: The following equations are equivalent to one another. 

d2- 



d2x\ - dix\ = 2, 

T 7 k—1 

d2 = dix^ , 

d2X2 ^ = dix^ ^ , 
d2 = 2x\ + dixf. 

If "=" is replaced by ">", then these inequalities are still equivalent to each other. These 
equivalences can be proved by equation pT]) . The details are omitted. 

Remark 2: For any > 4, we have pk < /O4 < \ For any e > 6 and n > (fc + 2)(e — 4) + 6, 
we can obtain a tree T on n vertices and diameter n — e by subdividing some edges on internal 
paths of T'(^_x,A;,...,A;,fc-i)- By Lemma [131 we have 

p{T) < p(T(^k-i,k,...,k,k-i)) = Pk < -^V2. 

In particular, for e > 6 and n > (A; + 2)(e — 4) + 6 = \T(^k-i,k,...,k,k-i)\-, we have p(G^5(!_g) < |a/2. 
In the set of graphs with spectral radius at most \/2 + \/5 (see pj), there is no graph with 
diameter n - e for e > 6. Thus, /9(G™"l J > y/2TV5. 

Proof of Lemma 12.101 Let G = T(^k-i,k,...,k,k-i) be the leftmost vertex. Note that G 

can be built up from a single vertex with a series of three operations as specified in Lemma 12.61 
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We have 



j^-j j ^'(^(fc-i,fe,...,fc,fc-i)i^') j 

V ^(^(fc-i,fc.....fc.fc-i)'^) / 
(i,i)a^ca^-^ba''...ba^-^ca( ^ 

\ X2 Xi J \ 1 



, -di,d2)A''-'BA''...BA'' , ^ 

(A^ - 1)2 JX4fe-l0/lfc T3 Ak ( dl 



X2 - Xl V "2 



(x' \ 
7^ I J . We can write (j)G as 

= ^^^^{-d,xU,x\){A^BA^^'y-' ( j^^l ) . (12) 

X2- Xi \ d2X2 J 



It is easy to calculate 

X2 - xi V -1 d2X^ J ' 

Now we prove that is a root of At A = p^, we have dix'^ = ^2X2 and dix^ + 1 = ^2X2 — 1- 
Thus 



dix^ + 1/1 



We have 



X2 - Xl \ 1 



MPk) = ^^^(-dixi,d2x^)(A'i?yl'+i)-i( j^"/ 

X2 — Xl \ 02X2 



(X2 - Xl)' 

0. 



(dixj + l)^-ld2^^1(-l,l)( } ) 



It remains to prove 4>gW > for any A > p^. When A > p^, we have ^2X2 — 1 > tiiXj^ + 1 
(and ^2X2 > dix^^). It is easy to check A^BA^^^ maps the region {(^1,^2): Z2 > zi > 0} to 
{(zi, Z2) : Z2 > zi > 0}. By induction on r, {A''BA'-'^'^)'''~^ maps the region {{zi, Z2) : ^2 > zi > 0} 
to {(21,^2): Z2> zi> 0}. Let 

( ) - (■^'^■^'^')-' ( ) • 

Since ^2X2 > dix^^ > 0, we have Z2 > zi > 0. Prom equation p^ . we get 
0^ = ~'^^\ -dix[,d2x'2){A'BA 





-1)^ 


X2 


- Xl 


(A^ 




X2 


- Xl 


(A^ 




X2 


- Xl 


0. 





^2X2 



{-dix[,d2X2) ^ 
{d2X2Z2 — dix[zi) 
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The proof of the Lemma is finished. □ 
2.4 Limit points of some graphs 

Using the tools developed in the previous section, we can compute the limit point of the spectral 
radius of some graphs. 



Figure 7: The graphs ^^'-^^^^.^ 



Lemma 2.11 Let T'^[ be the tree shown in Figure^ and p'l he the unique root 0/^2 = x\ 
the interval {^2 + \/5, +00 ) . Then lim piT','. , . J = p'!. 

Proof By Lemma 12.41 have 

It suffices to show ^lim p(T^" ^, ;p = p'^.- Let v be the leftmost vertex of T^" ki)- simple calculation 
shows 

(hrp// 

(l,k,l) 

= (1, l)ABA^BA''BA^B 
\d2X2 + X 



1 I V'fx 



{X2 - 



X2 Xi J \ I 

{{d2xlf - 1) - 2xf''+Hdix'^ + d2xl) - xf'''^'\{d,x',f - 1) 



As / goes to infinity, lim plT'/j^ ^ n) is the largest root of (^23^2)^ — — '-'i n&insly d2 — x^. 

The proof is completed. □ 
We have the following Corollary from Lemma 12.111 

Corollary 2.2 Let T^'j^.-^ be the tree shown in Figurel^ We have lim p{T'^'f.^-^) = P2k+3- 

Proof By LemmaES we have ^(r^'^^^p = p{Tl'.^2k+3,i))- ^^"^"^ }^P(^k,^)^ = /'(^(bfe+s.i)) = 
P2k+3- ° 

Lemma 2.12 LetT'^^^.s^ he the tree shown in Figure\^and p'^ he the unique root 0/^2 = dlx^ 
in the interval 2 + \/5, +00^ . Then lim p(T^'^^.-j) = p'^. 
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i k j k 

Figure 8: The graph T"{k,i) Figure 9: The graph T'{k,j) 



Proof Similarly, we have 



^T' = (1,1) ( ] 



-1 



1 1 - A 

X2 Xi \ I 



= {1,1) ABA>BA^C A 

(xo — XTr \ / 



As j goes to infinity, lim pfT/. .^) is the largest root of di = dix^ ; namely d2 = d?x^ ^ . 

J— >-oo C^JJ' 

The proof is completed. □ 



2.5 Comparison of pk, p'f,, and p'l. 

Observe that pk, p'^,, and p'^ satisfy similar equations. Since 1 < \/d\X\ < — ^+T) we have 

pI < p'k < Pk- 

For A G [Ao, |"\/2], X2, d2, and dixi are increasing while xi is decreasing. Using these facts, 
it is easy to check that for k >7, pk, p'j^, and p'j^ are in the interval (Aq, |\/2)- 
We have the following lemma. 

Lemma 2.13 For k >7, we have pk < Pk-4 (^f^d pk < p'k-3- 

Proof Recall that p'l^^ is the root of d2 = x\~^ and pk is the root of ^2 = ^-t+t. We need to 
show 2 < - for A e [Aq, |\/2]. For k>7,we have 



> 2. 



Note that /9'^_3 is the root of ^2 = ^/dixix^ ^. It suffices to show 2 < — x^'^^) 

for A G [Ao,|\/2]. We have 



^ydlXlxl{l - x'l'^^) > ^/dixixl{l - xf) 

> v/texi(i-x?)|Ao 

> 2. 

The proof is completed. □ 
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3 Proof of Theorem 11.11 



The proof of Theorem 11.11 can be naturally divided into two parts. In the first part, we prove 
that G™5f_g S T'n,e- In the second part, we prove the other statements in Theorem ll.il 

3.1 Part 1 

Let p^^n-e — P{G'^^n-e) ™ ^he rest part of this paper. Now we prove the following theorem, 
which implies the first part of Theorem 11.11 



Theorem 3.1 If e > 6 and n > lOe^ - 74e + 142, then G™"_e G Vn,e- 

Proof By Theorem 5.2 of [2] (see pageE]), it suffices to show G™"_e ^ V'^ ,, and G;^^".^ ^ Vli„. 
Suppose G^^"Lg = T^i^^ ^ G 'Pn,e- Note that T^'^^ ^ contains sub-trees of type 

^(fei,*)' 5L3,*)' and 2 < i < e - 4. By Lemma^El LemmaEHl Corollary [221 and 

Lemma 12.121 we have 

min ^ / 
rn,n—e ^ rkii 

min ^ // 
Pn,n-e ^ P2A:e_3+3' 

<r-e > for2<i<e-4. 
Next, we show that at least one oi ki,k2, ■ ■ ■ , is small. Let li = [ "jj^g"^^ ] . We claim 

/ — 3 

ki < li + 1 or A:e_3 < or 3i S {2, 3, . . . , e — 4} s.t. fej < li. 



Otherwise, we have 



h-2 

ki > h + 2 and kes > — - — and k2, ke-4, > + 1. 



U - 2 



We get 

n = ^ki + 2e>li + 2+ '-^^ + {h + l)(e - 5) + 2e = (e - 3.5)/i + 3e - 4 > n + 1. 

i=l 

Contradiction! 

If ki < h + 1, then we have p'^^n-e > P'h+i > Ph+i'^ if < then we have p^^^-e > 

P2fce_3+3 > P'h > ^'1+4; if ^ ^1 fo'^ some i G {2, . . . , e - 4}, then we have > p'^^ > p'l^ > 

pi^+i- In all cases, we have 

jmin ^ ^ 
Pn,n-e > Ph+4:- 

Let /c = [ "~^^+^ J . There exists a tree T G which can be obtained by subdividing some 

'^{k-l,k,...,k,k-l)- 



edges on internal paths of Tfj^_i p. ^ k-i)- Since n > lOe^ — 74e + 142, we have 



/i+4= ^ — +4< ^ — = /c. 

e-3.5 ~ L e-4 J 

We get 

/'J^^n'^-e > Pli+4: > P{T(k-l,k,...,k,k-l)) > P{T)- 

Contradiction! 
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Now we assume G^^^_^ = T"^^ fc 2) ^ '^n,e- This is very similar to previous case. We 
must have 

2 2 

ki < — - — or ke~2 ^ — 2 — ^ • • • ) c — 3} s.t. /cj < 

where I2 = [ ""'^'3'"'^ ] . A similar argument shows p^^n-e > Pi2+^- Here we omit the detail. 

Let k = [ '^-2e+2 j ^ rpj^gre exists a tree T £ Vn,e, which can be obtained by subdividing some 
edges on internal paths of T(^k-i,k k,k-i)- 

Since e > 5 and n > lOe^ — 74e + 142, we have n > 5e^ — 31e + 50: thus, 



I2 + 4. 



n — 3e + 7 
e-3 



+ 4< 



n - 2e + 2 
e-4 



We get 



Contradiction! 



Pn'n-e > Ph+i > P{T{k-l,k,...,k,k-l)) > P{T)- 



□ 



Remark 3: Assume G^^^-e 



T(ki,...,kr) ^ Pn,e- Let k = ' . By Lemma [2.131 we can get 



ki > + r J ~ 3 for 2 < i < r — 1 and A;^ > [A; + -J — 2 for i = l,r whenever n > 9e — 30 



3.2 Part 2 

From now on, we only consider a tree T(^ki,k2,...,kr) T^n^e- (Here r = e — 4 through the re- 
maining of the paper.) Let vq,vi, ...,Vr be the list (from left to right) of all degree 3 vertices in 
T{kuk2,...,kr) e 'Pn,e- Let -ff(fci,fc2,...,fcj) be the graph shown in Figure lOl 




Figure 10: The graphs H(^ku...,k,) 



Now we define two families of sub-trees of T(fc^^fc2,...,fcr)- Fori = l,...,r— 1, let Lj = -?^(fci,fc2,...,A;.) 
(from the left direction). For j = 2, ...,r, let Rj = (from the right direction). We 

also define Lq = P5 and Rr+i = P^- 

Lemma 3.1 For any A > p{T(^ki,k2,...,kr))> '^^ have 

1- P{L„v,)W > and q(L„v,)W > /or z = 0, 1, 2, . . . , r - 1; 

2- P{R,,v,^^)W >0 and q^R^^^^^^){X) > for j = 2, . . . ,r + 1. 

Proof For simplicity, we also write pi = P[Li,Vi)i Qi = Q{Li,Vi) for i = 0, 1, 2, . . . , r — 1, and 
P'j = P{R,,Vj-i), Qj = <l{Rj,Vj-r) for i = 2, . . . ,r + 1. From equation ([TOD, we have p'^.^^^ = Po = 

P{Ps,vo) = "^'ll^-l'^^ > and =qo = ^(Pg,^^) = '^'Z^-l'^^ > any A > Aq. 

It remains to consider pi, for i = 1, 2, . . . , r — 1, and p'j, q'j for j = 2, . . . , r. Let p be the 
least number such that these functions Pi{X), (?i(A) p'j{X), QjW take non- negative values for all 
X> p. 
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We need to show such /x exists. By Lemma [2.5( we have hm qi{X) = +00 and Um (A) = 

A— >+oo A— >+oo 

+00. Since hm po = hm "'^^.^J^ = +00 and pi = \ {d\x'{pi-\ -^x^^'^qi-i) (see 
Lemma l2.6p . by induction on we have hm Pi(A) = +00. Similarly, we have lim p'AX) = 

A— >+CXD A— > + CXD 

+00. Thus fi is well-defined. 

If /i < p(T(^ki,k2,...,kr))^ then we are done. Otherwise, we assume fi > p{T(^ki,k2,---,kr))- Note 
that p is always a root of one of those Pi{X), qi{X), p'j{X), q'j{X)- 

Case (1) There exists an i (1 < ^ < r — 1) such that Pi{fj.) = 0. Since pi = ^^1^^ + 
X2'~^qi-i), we must have = = 0. By Lemma [2771 we have 

It contradicts to the assumption fi > p{T(^ki,k2,---M)- 
Case (2) There exists a j {2 < j < r) such that p'jip) = 0. This case is symmetric to Case (1). 
Case (3) There exists an i (1 < i < r — 1) such that qi{p) = 0. By Lemma 12.71 we have 

^T(k^,k2,...,kr)^^^^ = - Xl){xl'+''^q^qi+2 - 2;^+'"Wi+2) U< fl- 
it contradicts to ^ > p(T(^ki,k2,-,kr))- 
Case (4) There exists a j (2 < j < r) such that q'j{p) = 0. This case is symmetric to Case (3). 

The proof of this Lemma is finished. □ 
The following Lemma gives the lower bound for the spectral radius of a general tree T(^ki,k2,-,kr) ^ 

Vn,e. 

Lemma 3.2 Let k = We have 



1 - 



for all A > piT(^ki,k2,---,kr))' where the equality holds if and only ifki + 1 = k2 = ■ ■ ■ = kr-i = k^ + l 
and A = p{T(k^^k2,...,kr))- 

Proof For z = 0, 1, 2, . . . , r — 1, we define ti = qi/pi- Similarly, for j = 2, . . . , r + 1, we define 
t'j = q'j/v'j- For any s > 0, we define 

_ d2xlH - X2 _ d2X2t - xf'"^ 
xl^-H + d, ~ t + dixf-' ' 

We consider the fixed point of fs{t), which satisfies 

t^ - {d2X2 - dixf~^)t + xf~^ = 0. 

This quadratic equation has a unique root x^~^ when 

d2 = 2xl + dixf. (14) 
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We choose s = s(A) to be the root of Equation (fT^ . The hne y = t is tangent to the curve 
y = fs{t) at t = xl~^. Because is an increasing and concave function of t, we have 

fs{t) <t, yt> 0. 

For i = 1, ...,r, we have 

hSt) = fs{xf'-'^t)<xf^-'h. (15) 

By Lemma 12.71 "we get 



r)T, 



(fcl,fc2,...,ftr) 



Since (pT^^^^k^^.-M - ^ - P(^(fci,fc2,.-.,fcr))> we get 



^r— lir-+l'^2'^ > 1. 



Note t'j._^_^ = to = = -^x\. Applying inequahty (fT5|) recursively, we have 

1 < ^^2.^2{.„-l)g^ 
" dl ^ Vt-\ 

= |xf7fc,_,(A,_,(...(A,(to)...))) 

/ ^^2fc, 2(Av_i-s) 2(fc,_2-s) 2(fci-s) 

J 2 2 2 •••Jy'2 <^Q 

«i 

- ^^2fc,. 2(fc,_i-s) 2(fc,_2-s) 2(A;i-s)(^ 2 
~ (^-j^^ 2 "^2 •••■^2 di 

_ 2(rk~{r-l)s+l) 

We get d2 > dix^^ g^j^^j ^]^g equality holds if and only if A;i + 1 = ^2 = • • • = K--! = 

kr + I = s and A = p{T(^ki,k2,...,kr))- Remark 1, d2 > dix^^ ^'^ -g equivalent to 

d2 > 2xf-^'-'^'^' + d,xl^'-'-^'''^'^'\ (16) 

Comparing this inequality with equation (jl4p . we must have s < rk — {r — l)s + 2. Solving s, 
we get s < fc + ^. Thus, 

d2 = 2x1 + dixf > 2x\^^- + dixl^^^~^\ 
Applying Remark 1 one more time, we get 

do > - 



The proof is completed. □ 
Lemma 3.3 Let G™"_e = T^k^M.-M '^^^ ^ = ^ V ^' • ^^^^ 



holds at X = p: 



n,n—e ' 
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Proof Let s = k + ^. Observe that we can always subdivide some edges on internal paths of 
Tq^j.]^ I^gj l^^j to get a tree T on n vertices and diameter n — e. By Lemma [2^ we have 

Pn^n-e < Pi^) < p(r(Lsj _i_ ^sj [sj , [sj -1)) = P[sJ • 

By Lemma 12.101 p^g^ is the root of 



2x 



1 



1 — X 



1 



Since d2{X) is increasing while ^ is decreasing on ^\/2 + \/5, oo^ , we get 



d2{ptn-e)<d2{pisi) 

The proof is completed. 

We get the following corollary. 



2x 



1 — X 



W+i 



< 



2xi' 



1 — X 



^rmn 
n,n — e 



□ 



Corollary 3.1 Let = T(;,^,;,,,...,fc^) G and s = i ELi + ? 



2 _ n-2e+2 



e-4 



2xf , 2xi 



1 - xl+' 



1 — X 



W+1 



holds atX = p(Grn-e)- -^^ particular, p{G^T^^) = V^ + Vb + O ({^^Y^^) ■ 



Lemma 3.4 Assume GJ^^.g 



r(fei,...,fc,,fc,+i,...,M ^ 



. T/ien the 



following equalities hold at the point A = p^JJ^g. 



cx 



ki+l 



< d2 <cx'l' ^ for i = 2,...,r - 1; 



^cdiXi^^^ < d2 < \l cd\x^ for i = l,r. 



(17) 
(18) 



Proof We reuse notations Li,pi,qi,ti (for 2 = 0, l,...,r— 1) and Rj,p'j, Q.p't'j (for i = 2, r+ 1), 



which are introduced in Lemma l3.ll and Lemma 13.21 

Choosing any i G {1, ...,r — 1}, by Lemma 12.71 we have 



at A = /9™5^"Le- This means 



, , 2(fc,-l) 
d2X2ti-l-X^^ , 2{fc,+i-l) _ 

-I.ioXo — i. 



ti-i + dix^ 



2fc-l ''j+2-^2 



We can rewrite it as 



X 



2ki-l 

1 



2fc»+i-l' 



'-i+2 



cM2jM 2(fc,+fci+i-l) 
d2 ^1 



(19) 
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Note ti = fkAk-i) = ''T*"' it-i'' > 0. We have 

U-i > (20) 

"2 

Fori = 1,. . . ,r-l, we apply LemmaEJlto Gi = T(^ki,...MM+i,...,kr) and G2 = T^k^,...M+iM+i-i,-,kr)^ 
where both trees contain a common induced subtree T(^ki,...,ki+ki+i+i,...,kr) (after removing one 
leaf vertex). If (pG2ipiGi)) > 0, then p{Gi) > p{G2)- This contradict to the assumption 

/-i f-imin 

We get <PgMGi)) < 0, i.e., 0T(,^,...,,^+,,,^^^_,,...,,,) (p^tT-e) < 0. 

We apply LemmaESlto obtain the difference of characteristic polynomials oiT(^k:i,...,ki,ki+x,...,kr) 
and T(fci,...,fe,+i,fc,+i-i,...,fcO' 

Evaluating the function above at A = /?^™_g, we have 

(Xi - 2:2) (vi-l(li^2^^2^^'^^'^ - gi-lp-+22;^+'"'''"^) I > 0. 

^ ri,n — e 

Since > and p^+2 > (from LemmaEI]), we get < ^2(fc.+i-fc.-i) ^ ^ In the 

rest of the proof, all expressions are evaluated at A = /c!?!?^. The notation "| min " is omitted 
for simplicity. 

On the one hand, by inequality ((20]) . we can substitute t'j_,_2 < fj-ix^^'^'"'"^ into equa- 

tion p^ and get 

/ xf'-^ \ / 2(fc,+i-fc,-l) xf^^\ dlC?2 + l 2(fc,+fc.+i-l) 

After simplification, we have 

J J.2 2ki vain j. a Aki ^ 

Pn n"- e + \/(Pn n"- e ) ^ ^2 

Recall c = — ^ — ^ . Solving this quadratic inequality, since > 0, we get 

ti-i > cxf'' /d2, i = l,...,r-l. 

By symmetry, we have 



t'i+i > cx^ '/d2, i = 2,...,r. 
t' x^^ 



On the other hand, we substitute tj-i > ^^+22^2^'^'^^ iiito equation (I19p . By the similar 



calculation, we get 

t^+2 < cxf ^^^-'^M, i = l,...,r-l. 
Changing the index i + 2 to i + 1, we have 

i+i<cxl^'''~^^/d2, i = 2,...,r. 

By symmetry, we have 

ti-i <cx^i^'~^^ /d2, i = l,...,r-l. 
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Combining the inequalities above, we get 

^xl'^ < ti^i<^xl^''-'\ i = l,...,r-l, (21) 
< t',^, < ^xf'-'\ z = 2,...,r. (22) 

(32 "2 

Now we apply Lemma 12.71 and get 

U^it[^,xl^'^~'^ = 1. (23) 

Taking product of inequalities ([2T]) . ([22]) . and then substituting ti-it'-_^_-^ into equation ([23|) . After 
simplification, wet get inequality (fT7|l . 
When i = 1 or r, we have 

^ 2ki ^ . _ ./ _ C?2 2 ^ C 2{fci-l) 

Solving for d2, we get inequality (jlSp . The proof of this lemma is completed. □ 

Proof of the second part of theorem 11.11 As in the proof of Lemma 13.41 all expressions in 
this proof are evaluated at A = p^^^-e ^^"^ "Ipmin " is omitted for simplicity. 
By Lemma 13.41 for 2<i<r — l,we have 

By the definition of c, we get 

After solving ^2 and simplifying, we have 

„mm k,+l I r, 2fc,+3 min ki-l , r, 2fc,-l 

Since p^^n-e > 2 > 1 + xf = p™^_ea^ii we observe 

rj^fci+l min k,+l , r, 2fc,+3 



and 



mm 2r^^""^ o^'^i-S 

Hn,n-e-^l ^ ^^1 ^ ^x-|^ 



We obtain 



— X-^ 1 — X;^ 

ty^ki+l 12 ki—2 

-^<d2<-^ for2<z<r-L (24) 
1 — X]^ 1 — Xi 



From Theorem 13. 1[ we have 



-L — a^i 1 — x^ 
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Combining inequalities (p^ and (125]) . we get 



2a;^'"^ 2x1 



> 



Thus, ys\ - I <ki < s + 2. So [sj < /cj < [s] + 1 where i = 2, r - 1. 
For J = 1 or r, combining inequahties (jlSp and (j25p . we have 



/=:r L'^J 



2 "''l" - 1 _;rW+l' 



2 ^1 - 

Note that di — )• 2xi and c — )• Aq as n approaches infinity. For sufficiently large n, we have 
x^-^ <^ < We get 

< XI and x-,^-' > Xi- 

So [sJ — 1 < /cj < [sJ for n large enough. 
In conclusion, we get 

[sJ - 1 < kj < [s\ <ki<\s]+l 

for 2 < i < r — 1 and j = 1, r. 

Now we will prove item 2. It suffices to show ki — kj < 2, for 2 < i < r — 1 and j = l,r. 
Suppose that there exist i,j with i G {2, r — 1} and j G {1, r} so that /cj > kj + 3. By Lemma 
13.41 we have 

ycfliX]^-' < 02 < CX]^ 



1 

Since Ax^ = (1 + xf )xi < 2xi < di for A > Aq and c — )• Aq as n approaches infinity, we have 
cx^^"*"^ < \/cdiXi^^^ for n large enough. Contradiction! 

Now we will prove item 3. By Lemma 13.41 we have cxi^"^^ < < cx^'^^ for all 2 < i,j < 
r — 1. This implies \ki — kj\ < 2. It is sufficient to show that there are no i,j with \ki — kj\ = 2. 
Otherwise, suppose there exist i,j G {2, ...,r — 1} such that ki = k and kj = k + 2. Without 
loss of generality, we can assume that i < j and in addition i,j are mostly close to each other. 
Namely, ki = k + 1 for all integer I between i and j. 

Applying inequality (|17p to ki = k and kj = k + 2, we have 

d2 > cxJ'+^ = cx^+\ 
d2 < cx^^^ = cxJ+\ 

Two inequalities above force ^2 = cxi'^^. These equalities force = t'i_^_l = Xi~^, = 
t'._^^ = x^+^ by inequalities (HI]) and ([22]). 

Consider the function f{t) = = fk{x\^t) and let c = c/d2 = Xg^"*^. It is easy to check 

/(c) = ^. We claim 



For I = i, we have 



= for i<l<j-l. 



ti = fkiU-i) = fkixt') = = /(c) = 1 = x1+\ 
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By induction on I, we have 



tl = fk+l{tl-l) = fk+M+') = = /(c) = ^ = x^, + \ 



By Lemma 12.71 we have 



tj_2t'jxf = 1. 



Since tj_2 = Xj^^ , it impHes t'j = x-^ . However, we also have 
Contradiction! 

If n — 6 is divisible by e — 4, then s = — 4 is an integer. In this case, the only possible 
sequence {ki, ■ ■ ■ , k^) satisfying items 1-3 is {s — 1, s, . . . , s, s — 1). In particular, we have 

^n,n— e (s— l,s,...,s,s— 1) • 

The proof is completed. □ 



4 Proofs of Theorems 11.31 and 11.41 

4.1 e=7 

Let = Tf^kiMM) ^ ^"J- ki + k2 + k^ = n - 14. By Theorem [TU here are all the 

possible graphs for GJ^" 



'mm 



3 

Case 1. '^ki = 3k. We have (fci, /c2, ^a) = (fc, ^, fc) or {k,k + l,k — 1). 

i=l 
3 

Case 2. ^ A;, = 3A; + 1. We have {ki,k2, k^) = {k,k + 1, A:). 

i=l 
3 

Case 3. ^ A;^ = 3A; + 2. We have (A;i, /c2, Ajs) = {k,k + 2, A;) or (A;, A; + 1, A: + 1). 

i=l 
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To simplify the proof of Theorem 1 1.31 we introduce the following short notations. We have 
PO ■■= PiLo,vo) = -^^—^dixi, 

•^2 1 



- 1 



- 1 

X2 _ 1 

„{k+l) ._ , - rn'^T^+^ I f/,r^+^l 

P •- ^(-f^Cfc+i).^!) ~ (2:2 +0,2X2 ) 



(X2 - ' 



^(fc,fc+l) ._ ^ — ^__^/'r/3^2fc+2 , , . ^ _l_w2^2fc+l J\ 



^('^''^+1) - ^ ^ ^ , (dixf +^ - d^d2X2 - dlxf+' - d2). 



Proof of Theorem 11.31 We will compare the spectral radius of the possible graphs listed 

above in three cases separately. 

3 

Case 1. = 3A;. 

i=l 

By Lemma 12.81 we have 



'^(k,k,k) f'^(k,k+l,k-l) 



(xi - X2) (^p^'^^oxi - q^^^PoX2 

(A2 - 1)2 



{X2 - Xi) 



{d2Xi + l)dlx1 - {diX2 - l)d2X2 



(d2Xi + l)(A2-l)2 / 



{X2 - Xi)2 

In the last step, we applied the fact ^2X1 + 1 = diX2 — 1. 



6^2 *^ 2 d-^X-^ 



By Lemma [2. 101 and Remark 1, p{T(k,k+i,k)) (= Pk+i) satisfies ^2X3^^ = dix\^'^ . The largest 
root of 0T(,,fe,,) - '/'T(fe,,+i,,_i) = is pk+i. 

Noting that d2X2—d\x\ is an increasing function of A G (^\/2'+^/t, |\/2^ for sufficiently large 

k. By Lemma [131 we have pu+i = p{T(k,k+i,k)) < p{T{k,k,k))- Evaluating ^Tf^^^^fe) - 4>T^k^k+i,k-i) 
at A = p(T(^k,k,k)), we get 4> 

T(k,k+l,k-l) (.p{T{k,k,k))) < 0. Thus, by Lemma [221 p{Ti^k,k,k)) < 

p{T{k,k+i,k-i)) and G^^7 = Ti^k,k,k)- 
3 

Case 2. ^ ki = 3k + 1. We must have G™"L7 = ^(fc^fc+i^fc). 

i=l 
3 

Case 3. ^ fej = 3A; + 2. 
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(d2a;i + l)(A2-l)2 , 



Similarly by Lemma 12.81 have 
Noting that d^a^l ~ dlxi is an increasing function of A € (\/2 + |\/2) for sufficiently large 



k. We have ^Tf^.^+i.^+i) (A) < (l>T(^k,k+2,k)W \/2 + \/5 < A < p^+i. By Lemma [231 

we get p(r(fc^fc+2,fc)) < /)(T(fc^fc+i^fc)) = pk+i. Thus, (AT(fc,fc+i,fc+i) (p(r(fc,fc+2,fc))) < 0. It follows 

P{T{k,k+l,k+l)) > P{T(k,k+2 ,k))- So = T(^k,k+2,k)- 

The proof of Theorem 11.31 is completed. □ 
4.2 e=8 

Now we let G™^_8 = T(^ki,k2,k3-k4) ^ "^n.s- By Theorem 11.11 all the possible graphs for G^*„"_8 
are as follows. 



Case 1. If ^ A;j = 4/c, then (fci, k2,k^, k^) = [k, k, k, k), {k, k,k + l,k — 1), {k, k + l,k,k — 1), 

i=l 

or (A; - 1, A; + 1, A; + 1, A; - 1). 

4 

Case 2. If Ajj = 4A: + 1, then (fci, A:2, ks, k^) = {k,k + 1, k, k) or (A;, A; + 1, A; + 1, A: - 1). 

i=l 
4 

Case 3. If A;i = 4A; + 2, then (fei, A:2, A;3, A;4) = (A;, A; + 1, A: + 1, A;). 



i=l 
4 



Case 4. If = 4A: + 3, then (A;i, A:2, k^, k^) = {k,k + l,k + l,k + I) ov {k,k + l,k + 2, A:). 



i=l 



Proof of Theorem ll.4[ Similarly, we denote p*^*''^) = P(H(k k),'"2)i q^'^''^^ = Q{H(k k),v2)^P^'' i.^+i) 

P{H^k-i,k+i),v2)^ and gC^-i'^'+i) = 

We will compare the spectral radius of all possible graphs listed in four cases above. 

4 

Case 1. Ylki = 4A;. 

i=l 

First we prove 

P{T(k,k,k,k)) = P{'P(k,k,k+l,k-l)) = p{T{k-l,k+l,k+l,k-l))- 

By Lemma 12.31 it is easy to see 

P{T(^k,k,k,k)) = P{T(k-l,k)) = P{T{k--l,k+l,k+l,k-l))- 

Applying Lemma [2171 to these graphs, we get 



I^T^k,k,k,k) - P 1^2 \.X2 a^lj I 



PT,k.k,k^,,k-., = P^'''^<l^'~'^4ix2-X,)ypj^---^Xl 

' Jk-l,k+l) „(fc) 



P" J2k-2 



g(fc)^l I' 



PT(k-i,k+l,k+i,k-l) P 1 •^2l-^2 -^IM (fc_i,fc+i) gCfc-l)-^! 
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Let p = p{T(^k,k,k,k)) = p{T(^k-i,k+i,k+i,k-i)) and p' = p{T(^k,k,k+i,k-i))- Write J(A) 



{k,k)q(k-i)^k^^^ _ ^j^^ ^ p('=-i'^+i)g('=)x^-^(x2 - xi). By Lemma EH J(p) > 



P 

and /s:(/9) > 0. 

Note that p is the root of both equations 



P 



{k,k) „{kfl 



and 



(fe-l,A;+l) 



P'^'-''^ 2k 



P 



(fc-l,fc+l) 



Jk-l) 



Note that p' is the root of both equations 



Jk,k) 



Jk-1) 



and 



q 



(fc-i,fc+i) 



P ^2k-2 



p{k-l,k+l) q{k) 1 



(26) 



(27) 



We have 



' (fc,fc,fc+i,fc-i) 



ip) 



Jk-1) 



K{p) 



fl_1^2k _ P^2k-2 

q(k-l)^ q{kr^ 



Thus, <^T,,,,,,,,,_„(P)^ = -J{p)K{p) {xf^'$, 



.2k 



< 0. We get (/)T, 



{fc,fc,fc+i,fc-i) 



0. Similarly, we can prove (pTf^^ ^^^^ {p') = 0. Hence, we get p = p' . 

Now we prove p{T(k,k,k+i,k-i)) < p{T(k,k+i,k,k^i))- % LemmaE^l we have 



' (fc,fc,fc+i,fc-i) 



(fc,fc+i,fc,fc-i) 



jik)p{k~l) 



did2\^{\^ - 1)^ > 



for any A > Aq. So p{Ti^k,k,k+i,k-i)) < p{T[k,k+i,k,k-i))- We are done in this case. 



Case 2. ^ fej = 4A: + 1. 

i=l 

Similarly, by Lemma 12.81 we have 



' (fe,*:+l,fc,fe) 



' (fe,fc + l,fc + l,*-l) 



(Xl - X2) {p^'^'+'h^ - g^'^'^+^^Po) 

Ul - 2did2x{' 



(d2Xi + l)(A2-l)2xf+l , 3 



(X2 - Xi)3 

Here we use proof by contradiction. Suppose G^J^g = T(^k,k+i,k+i,k-i)- By Lemma [3T 
^2 = Vcdix^^ at A = p{T(k^k+i,k+i,k-i))- Note c — )• Aq as n — )• oo. When n is large enough, we 
will get c > (2 + e)xi for some constant e > 0. Thus, we get 

dl = cdixf > (2 + e)dixf+^ 



For n large enough, we have (j)T, 



{k,k + \,k,k) 



'(fc,fc + l,fc + l,fc-l) 



> at A = p(T(fc^fc+i^fe+i^;fc_i)). Equiva- 



lents (^T(fc,fc+i,fe,fc)(/?(T(fc,fc+i,fc+i,fe-i))) > 0. By LemmaEil we get p(rfc^fc+i^fc^fc) < p{Tk^k+i,k+i,k~i)- 
Contradiction! Hence, we have G™^"Lg = Tk^k+i,k,k- 

4 

Case 3. ki = Ak + 2. There is only one possible graph T(^k,k+i,k+i,k)- 

i=l 
4 

Case 4. ki = ik + 3. 

i=l 
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Similarly by Lemma 12.81 we have 



™'^(fc,fc+l,fc+l,fc+l) T^T(fc,fc+l,fc+2,fc) 



(2:2 ^ 



^2(^2:^1 + 1)(A^ - +^ 

(X2 - 



^2 



(d2 - 2dixf +1) . 



We now suppose G™^"Lg = Ti-^ in this case. By Lemma [331 d2 = -v/cdix^"^^ at 

A = p{T(^k,k+i,k+i.k+i))- Recall that c — Aq as n — )• c«. When n is large enough, we get c < 2x2. 
Thus d2 = ^/W^x^^^ < V2diX2X^+^ We get 4>T^^^^^,+^^^+2^^^{p{T(^k,k+i,k+i,k+i))) > 0. Apply- 
ing Lemma ES with G2 = T(^k,k+i,k+'2,k) and Gi = T(^k,k+i,k+i,k+i), we have p{Tk,k+i,k+2,k) < 
p(7fc,fc+i,fc+i,fc+i)- Contradiction! Hence G^^.g = Tk^k+i,k+2,k- The proof is completed. □ 
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